ISRAEL JOURNAL OF MATHEMATICS 103 (1998), 289318

A GEOMETRICAL APPROACH
TO THE K-DIVISIBILITY PROBLEM

BY

PAVEL SHVARTSMAN*

Department of Mathematics, Technion—Israel Institute of Technology
32000 Haifa, Israel
e-mail: pshv@techuniz.technion.ac.il

ABSTRACT

We give a geometrical interpretation of the Brudnyi-Krugljak K-divisibility
theorem — one of the fundamental results of modern interpolation theory
of Banach spaces. We show that this result is closely connected with a
curious intersection theorem which can be formulated in the spirit of Helly’s
classical theorem. Let By, By be two closed convex balanced subsets of a
Banach space X. We prove that under a wide range of various conditions
the family of sets B = {B = sBg+tB1 +c; s,t € R,c € X} possesses the
following intersection property:

Let B’ be a subfamily of B such that every two sets from B’ have a
common point. Then ﬂB€3,7 o B # @, where v > 0 is an absolute
constant (y < 74 4v/2) and the symbol v o B denotes a dilation of B with
respect to its center by a factor of 4.

As a consequence we obtain a generalization of the K-divisibility theo-
rem for sums of two elements.

1. Introduction and results

In this paper we present a geometrical approach to the K-divisibility theorem of
Yu. Brudnyi and N. Krugljak [BK1, BK2]. This theorem at the present time is

one of the fundamental results of modern interpolation theory of Banach spaces.
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It has many interesting applications both in interpolation theory and in various
branches of analysis (see e.g. [BK2, Ch. 3,4], [C], [N1], [N2], [K] [M], [BS]).

Here we will deal with a particular case of the theorem relating to decomposi-
tions of an element of a Banach space into a sum of two terms. Let us recall this
result.

Let X = (X0, X1) be a compatible pair of Banach spaces equipped with the
norms || - |jo and || - ||; (for this and the following definitions see, e.g., [BL]). We
let K(;x: X ) denote the K-functional of an element z € Xy + X7 with respect
to the pair X, ie.,

K(t;z: X) = inf{||zollo + t|lx1]l1 : z = 2o + 1, 20 € Xo,71 € X1}
THEOREM ((K-divisibility, [BK1, BK2])): Suppose that
K(t;z: X) < pi(t) + @a(t) forallt >0

where each ;(t) is a positive concave function on (0,00). Then there exist
elements x1,zy € Xg + X, such that

=11+ Ty,

Ktz : X) <~pi(t), i=1,2, t>0.
Here v is an absolute constant.

Brudnyi and Krugljak obtained that the constant 7y satisfies 1 < v < 14. Then
M. Cwikel [C] showed that v < 8 + €, where € > 0 is arbitrary (see also [BSh]).
The best estimate for v known at present is v < 3 +2v/2+ ¢, which was obtained
by M. Cwikel, B. Jawerth and M. Milman [CIM].

We will be interested in a geometrical interpretation of the K-divisibility
theorem. We will connect this assertion with a purely geometrical theorem
which is very close in spirit to the classical Helly theorem [DGK]. As a corol-
lary of the main result we obtain a generalization of the K-divisibility property
(Theorem 1.2).

For the formulation of the result we let B; = {z € X, : ||z}|; < 1} denote the
unit ball of the space X; for i = 0,1 and we introduce a family B = B(X) of sets

(1.1) B(X) = {B = 5By +tB; +¢;s,t € RU{£oo},c € Xo+ X1}.
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Here and below B (or cls;(B)) denotes the closure of a set B in the topology of
Xo+ X, (in case s = £00 we set sB; = X;,i = 0,1). If B is centrally symmetric
and ) is non-negative, then we let A o B denote a dilation of B with respect to
its center by a factor of A.

Let us consider the following main

—

Intersection Problem: Let B’ be a subfamily of B{X) such that every two sets

from B’ have a common point. Does there exist a constant v such that

n ~vo B #§?
BeB!
Our first main result shows that the problem formulated above has a positive

answer, at least in the case of finite families B’ C B(X):

THEOREM 1.1: Let B be a finite subfamily of B(X) such that every two sets of

B' have a non-empty intersection. Then

ﬂ vo B #0.

Bepn’

Here ~ is an absolute constant which can be assumed to be of the form
(1.2) y=T+4V2 4,

where € is an arbitrary positive number.

We shall also present results for infinite families B’ ¢ B(X) in Theorem 1.3
below. However, let first us formulate a corollary of Theorem 1.3 which gener-
alizes the K-divisibility property. (I am very obliged to N. Krugljak who kindly
drew my attention to this corollary.)

THEOREM 1.2: Let {2, }aca be asubset of Xo + X; and let {pq }ac.a be a family
of non-negative concave functions defined on (0,00). Suppose that at least one
of the following conditions holds:

(i) {za}aca Is a weakly locally precompact set of Xo 4+ X;

(i) the imbedding X;—X, + X1, i = 0,1, Is either weakly compact or closed.
Assume also that for any a and 8 € Aandt >0

(1.3) K(t;za — 2 X) < palt) + pa(t).
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Then there exists an element T € Xo + X, such that for any a € A and ¢t > 0

-~

K(t;zq -7:X)< Apa(t).

Here ) can be of the form A = 2(7 + 4/2) + ¢, where ¢ > 0 is arbitrary.

Note that in the case A = {0,1},z9 = 0,27 = z this assertion gives the
K-divisibility theorem.

We now consider the Intersection Problem for infinite family of sets. The
following theorem shows that for a rather large collection of Banach pairs X and
families B/ C B(X) this problem has a positive answer. Let ¢(B') and T(B')
denote the set of centers and the set of the dilation coefficients of all the sets of

B’ respectively, i.e.

(1.4) ¢(B') = {c € Xo + X1 : there exists B = sBy +tB; +c € B'},
(1.5)  T(B')={(s,t) € R®: there exists B=sBo+tB; +c € B'}.

THEOREM 1.3: Let B' be a subfamily of B()Z) such that every two sets of B’
have a non-empty intersection. Suppose also that at least one of the following
conditions is fulfilled:
(i) T(B') contains those of its limit points which lie on the coordinate axes;
(ii) c(B’) is a weakly locally precompact subset of Xo + X;;
(ili) the imbedding X;—Xo + X3, 4 = 0,1 is either weakly compact or closed*.
Then
() 7o B#0,

Bep’

where ~y is the constant which appears in Theorem 1.1.

Examples: Let us mention two other convenient conditions under which
Theorem 1.3 can be applied:

(i)’ T(B') is a closed subset of R

(i)’ the linear span of ¢(B') is finite dimensional.
Obviously (i)’ implies (i) and (ii)’ implies (ii).

(iii) Let us also list some examples of imbedded pairs (ie., X1—Xg) of

Banach spaces of smooth and/or integrable functions in which the corres-

* l.e., B; is a weakly precompact subset of X+ X1 or X; is a closed linear subspace
of Xo + X1.
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ponding embedding operator is either compact or weakly compact. In particular,
for the Banach couples (C[0,1]* Lip[0, 1]*), (C¥[0,1]",C™[0,1]"), k& < m,
(Lip,[0,1]*, Lipg[0,1]"), 0 < @ < B < 1, or more generally for the pairs
(L.[0,1)", WF[0,1]"), k/n > 1/p—1/r, (L.[0,1]",Bp?[0,1]"), a/n > 1/p~
1/r, 1 <r,p < 00, this operator is compact. For the pairs (I,,lg),1 < ¢ <p < o0
and (L,[0,1]", L4[0,1]"),1 < p < g < oo the imbedding operator is weakly com-
pact and for the couples (o, co) and (Lip[0, 1], C*[0,1]™) it is closed.

Imbedded pairs (Xo, X ) in which at least one of the spaces X, or X is reflexive
provide further examples of weakly compactly imbedded couples. In fact, here,
by the Banach-Alaoglu theorem, either B; is a weakly compact subset of X; or
By is a weakly compact subset of Xy . Since X7 Xo, it follows that in both cases
B, is weakly precompact in the topology of X, and consequently the imbedding
operator is weakly compact.

By Theorem 1.3 the answer to the Intersection Problem is affirmative for all
the Banach couples listed in (iii)’ and for every family B’ satisfying condition (i)’
or (ii)’. |

In connection with the statement of Theorem 1.3 the following question is quite
natural: is the theorem valid without the condition (i)-(iii)? We do not know
the answer to this question. Nevertheless, the method of proof permits us to give
an “intrinsic” description of those Banach pairs for which the conclusion of the
theorem does hold.

For the formulation of the result we need the following

Definition 1.4: Let X,Y be Banach spaces, Y—=X. We shall say that X is
strongly complete with respect to Y if there exists a constant A, A > 1 such that

for any sequence {z;}32, C X the condition
dist(z; — z;,By) = 0, 4,j =00
implies the existence of an element z € X such that
(1.6) dist(z; —z,A\By) — 0, i— o0.
Here, By is the unit ball of Y and

dist(z, By) = inf ||z — . |
(@, By) = inf llo—lx
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Let us denote by Ax(Y) the smallest value of the constant A for which the
above property holds.

Examples: (a) If Y = {0} is the null space, then strong completeness of X with
respect to Y coincides with ordinary completeness of X.

(b) Let Y be a closed subspace of X with seminorm || - |ly = 0 (i.e., By =
Y). Then the strong completeness of X with respect to Y is equivalent to the
(ordinary) completeness of the quotient space X/Y. |

THEOREM 1.5:
(i) Suppose that the space ¥ = Xy + X is strongly complete both with respect

to Xy and with respect to X,. If every two sets of a subfamily B’ € B(X)
have a common point, then (J{yo B : B € B'} # 0 where

(1.7) 7 < 3(7+4v2) max(Az(Xo), An(X1)).

(i1} Conversely, assume that for some <y, ¥ > 1 the following condition holds: if
B’ is an arbitrary subfamily of B(X) such that every two sets of B' have non-
empty intersection, then (Y{yo B: B € B’} # 0. Then Xy + X, Is strongly

complete both with respect to Xq and with respect to X,. Moreover
(1.8) Ax(X;) <1y, i=0,1

Before presenting the proofs of the results formulated above let us make some

remarks.

Remark 1.6: This investigation was inspired by an interesting geometrical in-
terpretation of the K-divisibility property, obtained by N. Krugljak [K1]:

Let Uy, Uy be two arbitrary subsets of the positive octant {(s,t) : s > 0,¢t > 0}.
Then

(1.9) (| (sBo+tBi)Ca{ [ (sBo+tB1)+ () (sBo+tB1)},
(s,t)EUL+Uq (s,t)eUs (s,t)eU,
where v is an absolute constant. Note that the converse imbedding is trivial and
holds with v = 1.
Let us show that the imbedding (1.9) is a corollary of Theorem 1.3. To prove
that a point z belonging to the left-hand side of (1.9) belongs also to the right-
hand side, it is sufficient to apply Theorem 1.3 to the family

(110) B' - {B = SEO +t§1, (8, t) (S Ul} U {B = SEO + t§1 +z, (S, t) < Uz}
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and to make use of the positivity of the coefficients s,¢ in (1.10). Since the
set of centers ¢(B’) consists of only two points, condition (ii) of Theorem 1.3 is

obviously fulfilled in this case. |

Remark 1.7: Since the formulation of Theorem 1.1 is very similar to that of
Helly’s Theorem in one dimension, it is natural to ask the following question:
Does- there exist an analog of Helly’s Theorem [DGK] (in the spirit of Theorem
1.1) for the family

B(Xn) = {B = zn:tiﬁi;ti ERU{:EOO},iZO,...,n,CE Xn:Xl}
=0

=0

generated by an (n + 1)-tuple of Banach spaces X,? In other words, does there
exist a positive integer m = m(n) and a constant v = y(n) such that for any
family B’ C B()Z ) in which every m sets have a common point, the intersection
({vo B: B € B'} is non-empty?

Example 5.1, given in Section 5, shows that the number m(n) cannot be finite
even if we restrict ourselves to finite-dimensional Banach triples (but of arbitrary

dimension).

Remark 1.8: The constant v from (1.2) can probably be improved considerably.
In particular we can prove that for all two-dimensional Banach pairs, v < 2.
This estimate of 7 is exact and is attained, for instance, for By = [-1,1]? and
B; = {(z,y) : y = ,—-1 < z < 1}. The point of view developed here, of
viewing the K-divisibility problem as an intersection theorem (cf. Remark 1.6),
also provides an approach for calculating the K-divisibility constant. It can
be shown that for all two-dimensional pairs this constant is less than or equal to
(v24+1)/(3—+/2) ~ 1.52. This value is attained, for example, when By = [—1,1]?
and By = {(z,y) : y = tan(§ )z, —1 < z < 1}. This fact, as well as several other
results concerning the K-divisibility constant, will be presented in a forthcoming

paper [S]. n

The paper is organized as follows. Section 2 contains definitions and the proof
of the main Proposition 2.1 (which is actually is an extension of part (i) of
Theorem 1.3). Section 3 is devoted to the proof of a series of auxiliary lemmas.
Section 4 contains the proof of Theorem 1.3 and Theorem 1.5. Finally, in Section

5 we present Example 5.1, mentioned in Remark 1.7, and prove Theorem 1.2.
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2. Auxiliary statements

Let us recall that the norm in the space 3 = Xy + X is defined by
(2.1) llzlls = inf{||zollo + l[z1]l1 : ¢ = xo + 21,20 € Xo,21 € X1}
and consequently, for any € > 0,

(2.2) ByUB, C By C (1+¢)(By+ By).

Here and below By denotes the unit ball of Xy + X;. Later on we shall also need
the following elementary properties of subsets from Xy + X;. Namely, by (2.2),
for any S C Xo + X,

(2.3) S=()(S+eBs)=[)(S+e(Bo+ Bi)).

>0 e>0

Hence, in particular, it follows that for any set B € B(X) and any & > 0
(2.4) BCcBc(l1+¢)oB.

If B = sBy +tB; + ¢, then in the cases s = 0 or ¢ = 0 property (2.4) is obvious.
If s and t are both non-zero, then, by (2.3),

B C sBy+tBy +c+emin(s,t)(By + B1) C (1+¢)(sBo+tB1) +c=(1+¢)oB.
Let us remark also that for any sets B = g;By+t;B1+¢;, i=1,2
(2.5) BYNB® £ c; —cy € (81 +52)Bo+ (t1 +12)By.
Note at last that for any set B = sBy +tB; +c € B(X)
B =|s|By + |t|B1 + ¢
Therefore, everywhere below, we can assume that s,t > 0, i.e.,

T(B)C RZ = {(s,t) : 5,t > 0}



Vol. 103, 1998 K-DIVISIBILITY PROBLEM 297

(see (1.5) for the definition of 7(B')). To formulate the main result of the section
we need the following notations.

Throughout the proof B’ denotes a subfamily of B(X) such that every two sets
of B' have a common point. For each subset A C R?, let s4 denote the point
nearest to the origin among all limit points of A lying on the s-axis. Analogously
ta denotes the limit point on the t-axis which is nearest to the origin. For

simplicity of notation we shall write s(B') and t(B’) instead of sz and t7(g).

PROPOSITION 2.1: Suppose that the points s(B') and (B') belong to T(B').
Then for some v > 0

ﬂ vyo B #0.

Ben’

Here v is an absolute non-negative constant, v < (7 + 4v/2) + ¢, where e > 0 is

an arbitrary positive number.
Proof: The proposition is based on two auxiliary lemmas.
LEMMA 2.2: Let A be a subset of R?,_ such that s4 and t4 belong to A. Then
for arbitrary r > 1 and € > 0 there exists a countable or finite subset
U={u;=(si,t;):i€l}CA
such that:
(a) foranyiel

r

(2.6) Zskg(l—i-s)r_lsi, Ztk§(1+s)

r
1ti§
k<i k>i

r—
(b) for any z = (s,t) € A there exists a point u; = (s;,t;) € U such that
$i<(r+eg)s, t;<(r+ejt.
Proof: Let us set
2.7 G ={z=(z,y) € cl(A) : {(s,t) : s <z,t <y}Ncl(A) = z}

where cl(A) denotes the closure of A. It is easy to check that the set G # 0 and
possesses the following properties:

(1) if 21 = (z1,11), 22 = (T2, Y2) € G, 21 # 29, then z1 # 2, y1 # Y. Moreover,
if z; < g, then y; < yo;
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(2) suppose that a sequence {z; = (z;,¥:)}2; C G converges to a point z =
(z,y) and z; > z, y; <y foralli=1,2,..; then z € G.
In fact G is a graph of some non-negative monotone decreasing and continuous

from the right function, defined on a subset of R.y.

Let us construct the set U, satisfying the lemma’s conditions. To this end we

let J denote a set of integral indexes j such that
G;j=Gn{(s,t) eRE : 1) <t <ritl} £

Let us observe that if A has limit points on the s-axis then, by definition (2.7),
the point s4 belongs to G. In this case we set G_o = {sa}.

Given j € J let us define numbers z;,y; by the formulas
(2.8) z; =inf{s: (s,t) € G,}, y; =sup{t:(s,t) € G;}.

By properties (1), (2) of the set G, it follows that the point z; = (z;,y;) belongs
to G;. Set now

HZ{ZijEJ}

and denote by I a family of integral indexes such that the set
(2.9) Hi=Hn{(s,t) eR2 :r" <s <7t}

is non-empty. Note that if A has limit points on the ¢-axis, then the point ¢4
belongs to H. In this case we put H_o, = {ta}.

Let us set now

(2.10) 5, =sup{s: (s,t) € H;}, t;=inf{t: (s,t) € H;}.

By discreteness of H; and property (1) of the set G, the point 4; = (;,¢;) belongs
to H;. Let us denote by U the set

U={u;:i€el}

and define the desired set U.
If the point 4; lies on a coordinate axis (and consequently @; = s4 or ta)

then we set u; = 4;. By property (1), the remaining points of U have positive
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coordinates. Let @; = (3;,%;) be such a point. Since 1; € cl{(A4) and §;,¢; > 0,

there exists a point u; = (s;,%;) € A such that

(2.11) (1—8)35 <s; < (146835
and
(2.12) (1-8)t <t; <1+

where we set 6 =¢/(e +2).
Let us show that the set U = {u; : i € I} satisfies properties (a) and (b) of the
lemma. For the proof of (a) we note that, by (2.9),

G <7l fork < i

Together with (2.11) this gives

sk < (14 8)8, < (1+6)rF15 <

Therefore

(14 46) — (14+8), r
25 LT (1—5)(r—1>3"'

k<i k<i

Inequality (a) for the sequence {¢; : i € I'} is proved analogously.
Let us prove (b). For each point z = (s,t) € A we define the point 2’ = (', y’)
by

' = min{w : v < s, (v,w) € cl(4)}, ¥ =min{v:w =27, (v,w) € cl{A)}.

Since cl(A) is closed, the point 2’ = (z’,y’) belongs to cl(A). Moreover, by the
definition of 2/, y’ and (2.7), it follows that 2’ € G and

' <s,

y <t

Let us now choose an index j € J such that 2’ € G; and let 2’ = (z;,y;) denote
the point defined by (2.8). Then, by the definition of G;,

z; <z’ <s, y; <ry <rt.
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Let us next choose an index i € I such that 2’ € H;. If 4; = (;,¢;) € cl(A)
denotes the point defined by formula (2.10), then

§<rd' =rz; <rs, <y’ =y; <rt.

Finally, let u; = (s;,t;) be a point in U which satisfies inequalities (2.11) and
(2.12). Then

5i < (1465 < (1+6)5 < s,

t; < (1 + 6)1?1 < (1 +E)£i < i,
and the lemma follows. 1

Let further B®) = s; By +t; B, +¢; , where ¢; € Xo + X, and s;,¢; >0, i €I,

be a sequence of pairwise intersecting subsets of B(X).

LEMMA 2.3: Suppose that for every i € I

(2.13) ai:2Zsk+si<oo, Bi:22tk+ti<oo.
k<i E>i

Then for any positive €

ﬂ{(l +e)aiBo + (1+€)8:B1 + e} # 0.

i€l
Proof: Without loss of generality, we can choose the index set I to consist of a
(finite or infinite) family of consecutive integers. Since B® N BU+1) £ @ for any
i,i+1€ I, by (2.5) there exist elements z; € (s; +$;+1)Bo and y; € (t; +t;11) By
such that

(2.14) Cit1 — C = —%; T Y.
Let § be an arbitrary positive number and \; = § - 274, Then, by (2.3),
(2.15) [zillo < (si + si41) + (A + Aiga),

il < (& + tir1) + (N + Xiga).

In addition, by (2.14),

(2.16) ¢+ Z Ym = Ck T Z T

i<m<k i<m<k
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Let us set now

(2.17) c=c¢+ me+2ym.

m<i m>i

By (2.13) and (2.15), both series in (2.17) are absolutely summable. Moreover,
according to (2.16), the point ¢ does not depend on 4. Let us show that

ce (1+6)0[,‘B0+(1+€),8i31 +c¢i, 1€l
We have

” Z xm”O S Z ”mm”O S Z('Sm + Sm41 + )\m + )\m+l)

m<i m<i m<i

gzzsm+si+2z,\mgai+2522*m:ai+65.
m<3 mel meZ

In the same way we obtain the estimate
IS o], <6400
m>i !

From this and (2.17) it follows that
¢ € 0; By + ;B1 + ¢ + 65(Bo + By).
By the arbitrariness of 4, (2.3) and (2.4), we obtain the desired property
¢ € clg(aiBo + BiBy + ¢;) C (1 +€)a; By + (1 +€)BiB1 + ¢,

which proves the lemma. |

We are now in a position to complete the proof of Proposition 2.1. Let
A=T(B).

By the assumption of the proposition, the points s4 = s(B') and t4 = t(B')
belong to A. Applying now to the set A the result of Lemma 2.2, we obtain that
for given r > 1 and & > 0 there exists a sequence {(s;,t;)}ic1 C A which satisfies

properties (a), (b) of the lemma. Let us now set

o =2ZSk+Si, ﬁi:2ztk+tiv i€l

k<i k>1i
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Then, by inequality {2.6),

(2.18) @ < (2(1 + e)(i) + 1)5,-
and
(2.19) Bi< (20 +e)(—15) + 1)t

Thus the sequence of sets
B® ZSZ'BO‘FtiBl-i-Ci, 1el

satisfies the conditions of Lemma 2.3 and consequently there exists an element
¢ € Xy + X, such that

c€(l+e)aiBy+ (1+¢)BiB1+c.

From this and inequalities (2.18) and (2.19) we have

(2.20) ce(l+e) (2(1 +e)( r 1) + 1) (siBo + t:B1) + ¢; = Ao BY

r—

where

,\=(1+s)(2(1+e)( L

1)+1).

Next, by condition (b) of Lemma 2.2, we see that for every set

r

B=sBy+tB;+ceB

there exists a pair (s;,t;) such that
5 <(r+e)s, t;<(r+ejt.

Since B N B # 0, by (2.5) it follows that

t—c=(—c)+(ci—¢)

€ Ms;Bo + tiB1} + (r + 1+ €){sBo + tB1} C v(r,e){sBo + tB1},
where y(r,e) = (A(r+¢&)+r+1+¢). Settingrp =1+ 1/v/2 we have
v ="(rg,e) =T+ 4vV2 + O(e).

Thus
c—cev(sBy+tBy).

This means that & € v o B and Proposition 2.1 follows. ]
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3. Main lemmas

Suppose that there exists a sequence of sets { B®) = s;By+t;B1 +¢;, i = 1,2,...}
C B’ such that

(3.1) lim s; =u, lim#; =0.

i—00 12— 00

In this section we present a series of sufficient conditions under which the family

B’ possesses the following

Property 3.1: For any € > 0 there exists an element ¢ € X + X; such that, for
every B € 3/,
(L+€)uBy+e)N{1+¢e)oB #0.

A sufficient condition for B’ to have this property is given by the following

LEMMA 3.2: If {¢;}$2, is a weakly convergent sequence in Xo + X, then B’
possesses Property 3.1.

Proof: Since B NB#@foralli=1,2... and every B e B,
¢; € B+ uBy + max(s; ~u,0)Bg +t;B; C B+ uBy + v; By,

where we put

v; = max(s; — 4,0) + ;.

Note that by (3.1), v; tends to 0 as ¢ — oo. Let ¢ denote the weak limit of the

sequence {c¢;}. Then for any functional f € *
f(cz) S 6(va + UBO) + Ui”f”*’

where 6(f, A) = sup{f(z) : ¢ € A} denotes the support function of a set A C .
Since f(c;) — f(¢) and v; = 0 as i = oo, we obtain

f(©) < 8(f, B +ubBo).
Hence, by the Hahn—Banach theorem
¢ € clg(B + ubBy),
which together with (2.3) gives

e (l+¢e)o(B+uBy)=(1+e)oB+ (1+e)ub,.
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Lemma 3.2 is proved. |

Before we formulate the following result let us remark that by the property
B N BY) £ ¢ and (2.5), we have

(3.2) ci — ¢; € (s +85)Bo+ (t:i + t5) By

for every 1,5 € N.

LEMMA 3.3: If the set c(B') (see (1.4)) is weakly locally precompact in Xo + X1,
then B’ possesses Property 3.1.

Proof: By (3.2),
(3.3) c—¢j € (Si + S]')Bg + (ti + tj)Bl C (Si + 55 +1; + t]‘)B):;

for any 4,j € N. In addition, by (3.1) the sequences {s;} and {t;} are bounded.
From this and (3.3) it follows that the sequence {c¢;} is bounded in Xy + X;.
Since ¢(B') is weakly locally precompact and {c;} C ¢(B’), there exists a weakly
convergent subsequence {c;, } C {¢;}. It remains to apply to the sequence {c;, }

the result of Lemma 3.2 and the desired Property 3.1 follows. |

LeMMA 3.4: If0 is a limit point of the set T(3’), then for arbitrary € > 0

ﬂ (1+e)oB#0.

BepB'

Proof: By the assumption, there exists a sequence of sets {B®W}®2, C B for
which (3.1) holds with v = 0. Then, by (3.3), {¢;} is a fundamental sequence
in Xy + X:. In particular, {¢;} is a weakly convergent sequence. Therefore, by
Lemma 3.2,

(1+euBy+e)N(1+e)oB={c}N(1+e)oB#0

for some element & € Xy + X, and for every B € B'. 1

LEMMA 3.5: Let By be a weakly precompact subset of Xo+ X;. Then B’

possesses Property 3.1.

Proof: Let us show that the sequence {c¢;} has a weakly convergent subsequence

{Cik}'
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Setting

$; = max{s; — u, 0},

by (3.2), we have
¢ —¢j € (Si + Sj)Bo + (ti + t]‘)Bl C 2uBg + (8 + §j)BO + (ti + t]‘)Bl

C 2UB0 + (5~i +1i;+ 85+ tj)Bg.

Hence it follows that there exist elements a;;, b;; € Xo + X, such that

(3.4) Cy — Cj = Qg4 + bij
and
(3.5) {aij} C 2uBo, {bij} C (ei +&;)By

where &; = §; +t;. Note that by (3.1}, &; converges to 0 as 1 = oo.

Let us now obtain a subsequence {aq, g, } of the (double) sequence {a;;} which
has the additional property that for each fixed i, {a4, s,} is weakly convergent.
We do this by the standard diagonalization procedure. (Le., since By is weakly
precompact by (3.5), the set {a;;} is also weakly precompact. So {a1;}32, con-
tains a weakly convergent subsequence {ay;, }32 ;. Then the sequence {a;,;, }3=,
also contains a weakly convergent subsequence, and we repeat this procedure for
each subsequent value of k.)

From here on we can denote the new sequence {aq, g, } by {ai;}. Observe that
it also satisfles (3.4) for all 4,5 € N, 7 < j and for each fixed i the (new) sequence
{ai;} converges weakly as j — co. We let a; denote the weak limit of {a;;}.
Then, by (3.5), {a;} C 2uBp and consequently {a;} is a weakly precompact
sequence.

Let us show now that the sequence
9i =Ci — a4

strongly (i.e., in the norm of Xy + X;) converges. Let k be a positive integer,
k > max(i, ). Then, by (3.4),

9i—9;=(ci—a;) = (cj —aj) = (ci — ek — a;) — (¢j — ek — q;)
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= (aix — ai) — (ajk — aj) + (bix — bj)-
Let f be an arbitrary functional in £* of the norm || f|I* < 1. Then, by (3.5),
|£(g: — 95| < | flai — ai)| + | fae — az)| + | f(bir) [ + | f(b5)]
< flak — @) + | flajn — az)| + & + €5 + 2e.

Since € — 0 and a;x — a; — 0 weakly as & — oo, we have

|f(g: — g;)| < ei+ej.

By the arbitrariness of f, it means that

lg: — gills < €i +ej.

Thus {g;} is a fundamental and consequently a (strongly) convergent sequence.

Since {c¢; = g; +a;} is the sum of a strongly convergent sequence and a weakly
precompact sequence, {c¢;} is also a weakly precompact sequence. In particular,
{e;} contains a weakly convergent subsequence {c;, }.

It remains to apply to {c;.} the result of Lemma 3.2 and the proof is
complete. n

LEMMA 3.6: Suppose that X is a closed subspace of Xy 4+ X;. Then there exists
an element ax, € X¢ + X1 such that for every set B = sBy+tBi+cePB,

dists(c — Xgs Xo) <t.

Proof: Let /X, denote the quotient space of ¥ = X, + X with respect to the
space Xg and let 7 : & — £/X, be the corresponding projection operator. The
statement of the lemma is equivalent to the existence of an element z € £/Xg
such that for every B = sBy +tB, +ce B,

(3.6) llz —m(c)lls/x, £t

Let us construct such an element. Recall previously that B'NB” # @ for every
two sets B’ = s'By + ¢/ By + ¢ and B" = s"By + "By + ¢’ of B'. Therefore, by
(2.5),

d—c"e(s+58")By+ (t' +t")B.

Since Xy is closed in X, this implies

d-d"eXo+ (' +t")Bs,
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which is equivalent to the inequality
(3.7) In(e) = (Yo <+

Let us consider now the sequence of sets B(*) = s; By +t;B; +¢; € B satisfying
the equalities (3.1). Then

[7(cs) — m(ej)lls/x, Sti+t; =0, asi,j— oo.

Thus the sequence {n(c;)} is fundamental and consequently converges to an
element z € 3/ Xy. Then, by (3.7),

llz = 7m(e)s/x, < Iz ~m(ei)lls/x, + llm(e) — m()lz)x,

<z —m(ells/x, +t:+ 1t

Directing now i to co we obtain the desired inequality (3.6). The lemma is

proved. |

LEMMA 3.7: If X, is a closed subspace of Xy + X1, then the family B’ possesses
Property 3.1.

Proof: Let & = §(¢) be a positive number which we will indicate below.

Let us show first that for any set B = sBy+tB;+c there exists a decomposition
(3.8) c=ax, + B +YB,
where ax, is the element constructed in Lemma 3.6, 5 € Xo, yp € X; and
(3.9) yg € (1+0)tBs.

This is immediate in the case t = 0, since then we can set yg =0, zp = c— ax,.
So we may suppose that £ > 0. Then, by Lemma 3.6, there exists b € X such
that

5 5
_ — < —t = — ).
le—ax, —blls < t+ 3¢ (1+2>t

Consequently, by definition (2.1), there exist elements ¢ € Xy and z; € X such
that

c—ax, ~b=x9+ 1,

4 4
laollo + flzrlln < (145 )¢+ 5t = (L+ )t
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It remains to set g = b+ z9, yp = z1, and (3.8) and (3.9) are proved.

Let {B® i=1,2,...} be a subfamily of B, satisfying the equalities (3.1). We
can assume that the number v in (3.1) is positive. If w = 0 then 0 is a limit point
of T(B') which, by Lemma 3.4, completes the proof.

So we may assume that u > 0. In that case there exists a positive integer g
such that s;, < (1 + 6)u and t;, < du. For the sake of brevity we set

E=cipy t=ty, §=5i &=ITpuy, §=Yguo.
Then, by definition, the set B = §By + B, + ¢ belongs to B’ and
(3.10) §<(1+8u, t<du.
In addition, by (3.8) and (3.9), é=ax, + &+, & € Xo, § € X7 and
(3.11) g€ (1+8)tB;.
Finally, let us put
(3.12) ¢=¢&—9(=ax, + 1)

and show that for some sufficiently small § = §(¢), Property 3.1 holds.
So, let B = 5By + tB, + ¢ € B'. We shall consider the following two cases:
(a) t < jet.
Since BN B # 0, by (2.5),

c—&e(3+s)Bo+ (E+1)By.

On the other hand, by (3.11) and (3.12),

t

-~ c=7¢€ (1+0)iB.
Therefore

c—¢€(3+8)By+ (t+t)By + (1+6)tBy

(3.13) _
C(§+8)Bo+ (t+ (2+6)t)B1.

Together with (3.10) and the inequality ¢ < £/3 this gives

c—c€{(1+8u+s}Bo+ {1+ (2+ 8)e/3}tBs.
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From this and (2.5) we have
{(1+8)uBy+ e N(1+ 1e(2+6)) o B #0,

which in case § < min(1,¢) gives the desired Property 3.1.
(b) et <i. By (3.11),

(3.14) c—é=(c—¢—yp)+yp € (c—c~yg)+ (1+8)iB.
On the other hand, by (3.13), (3.9), (3.10) and {(b), we obtain

(3.15) c—c—yp €(s+8Bo+ (t+ (2+8)8)B; + (1 +8)tB
C (s+8)Bo+ (2+6)(1+3/e)tB;.

Furthermore, in view of (3.8) and (3.12) we have
(3.16) c—¢—-yp=(c—ax, —yg)— (€—ax,) =z +Z € Xo.

Recall that X, is a closed subspace of X, + X; and consequently By C Xo.
Moreover, by the Banach theorem, the norm || - ||o and the norm, generated on

Xo by the (X, + X;)-norm, are equivalent. It means that for some X, A > 1,
(3.17) Bs, N Xy C ABo.

Now, by (3.15) and (3.16), we get

c—c~yp € {(s+38)By+ (24 8)(1+3/)tB} N Xo.
In addition, by (3.17),
BiNXoC BxnNXgCABy

which, together with (3.10), gives

c—%—yp € (1 +8)u+s)Bo+ M2+ 68)(1+3/e)duBy = ((1+ a)u + 5) Bo.

Here we set

a=ale,d )\ = 6(1+>\(2+6)(1 +3/5)).
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Now from this and (3.14) we have
c—c€((14+a)u+ts)By+ (1+68)tB; C (1 +a)u+ (1+8)s)By + (1 +8)tB;.
According to (2.5), this means that

(1+a)oCN{(1+48)0B#0,

where C = uBy +¢C.
It remains to note that for § = min(1,£2/9)\) the inequalities a < ¢,

§ < min(l,¢) hold. So, both in the case (a) and in the case (b), Property
3.1 holds and the lemma follows. ]

4. Proof of Theorem 1.3 and Theorem 1.5

Proof of Theorem 1.3: If condition (i) of the theorem holds, then the desired
conclusion follows immediately from Proposition 2.1. So we turn to proving the
theorem in the cases where condition (ii) or (iii) holds.

If the set T(B') (see (1.5)) has no limit points lying on the coordinate axes,
then we can again use Proposition 2.1 to complete the proof in these two cases.
So we can suppose that 7(B’) possesses such limit points lying, for example, on
the s-axis. We let s(B') = (u,0) denote the limit point which has the minimal
first coordinate among these points. Then for given £ > 0 by Lemma 3.3 (in case
condition (ii) of Theorem 1.3 holds) and Lemmas 3.5 and 3.7 (in case condition
(iii) holds), there exists a point ¢ € X + X such that

(1+e)oCN(l1+e)oB#0 forall BeB.

Here C = uBp + ¢
Thus every two sets of the family

B'"={(1+¢e)oB:BeB}U{(l1+¢)oC}
have a non-empty intersection. Moreover
s(B") = (1+¢)s(B) € T(B").

The same argument which we just gave for the family B’ and the s-axis can
now be applied to the family B” and the t-axis to show that the family

(1+€e)oB”"={(1+e)oB:BeB"}
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can be extended to a family B C B()Z' ), satisfying the condition of Proposition
2.1. By this proposition,
[ voB#0

Bep

where vy =74 4v/2+¢. Since B C (1+¢)oB” C (1 +¢)? 0 B, we get

ﬂ Y(1+e)2oB#0
Bep'
which completes the proof. |
Proof of Theorem 1.5, part (i): We will need the following

LEMMA 4.1: Let @ = {(,0), v > 0 be a limit point of T(B'). If the space
Y = Xg + X, is strongly complete with respect to X, then for any € > 0 there

exists an element ¢ € Xg + Xy such that

(4.1) (1+e)oCN(l+e)oB#Q forall BeB'.
Here
(4.2) C = (22n(Xo) + NubBy + &

Proof: Recall that Ax(Y) denotes the constant introduced in Definition 1.4. In
case u = 0 the point a = 0 will be a limit point of 7(B’) and, by Lemma 3.4, the
property (4.1) holds for some ¢ € Xo + X;. Thus for the remainder of this proof
we may assume that u > 0.

Since (u,0) is a limit point of T(B'), there exists a family

{BY) = s;By+t;B; +¢;,i=1,2...} Cc B
satisfying the condition (3.1). Without loss of generality we can assume that
$; <(1+6u
where § = § min(1,¢). Then, according to (3.2),
ci —¢; € (si +85)Bo + (ti +t;)B1 C 2(1 + 8)uBy + (t; +t;)Bs.
Consequently,

diStz(Ci - ¢j, 2(1+ 5)'U,Bo) =2(1+6)u- dists(c; — Cj, By) <t; + t;.
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Since t; — 0 as i — oo (see (3.1)), we have
diste(é — é;,Bo) = 0, 4,j — o0

where we put ¢ = ¢;/(2(1 + §)u}. By the assumption, the space X+ X is
strongly complete with respect to Xy and therefore (see Definition 1.4) there
exists an element ¢ € Xy + X such that

(4.3) dists(G; — & AoBo) = 0, i — o0.

Here, for the sake of brevity, we set \g = Ax(Xg) + 4. Finally, let us set
€= 2(1 + d)uc.

Then by (4.3),

(4.4) d; = distx(c; — ¢,2X{1 + §)uBy) = 0, i — o0,

Let us show now that the set C, defined by (4.2), satisfies (4.1). Indeed, by
(4.4) and (2.2),

(45) c; —C¢E 2)\0(1 + 6)UBO + (1 + 6)d,Bg
C 2X20(1 + 8)uBy + 2(1 + 8)%d;(By + By).

Let now B = sBy + tBy + ¢ be an arbitrary set of B. Since BN B® # § and
$; < (1+96)u forall g,

c—ci € (s+8)Bo+ (t+1t:)By C (s+ (1+68)u)By + (t + t:)By.
Together with (4.5) this gives
(4.6) c—¢ € {2 o+ )1 +8)u+s+2(1+8)%d;} By + (t +t; +2(1 4 6)°d;) By

C (1 -+ 6){(2)\0 + l)u + S}B() + tBl + é; By,

where §; = 4(1 + 8)%d; + t;. Since t; and d; = 0 as i — oo, the sequence §; — 0
as well. Setting now

B =((1+6)(2\ + 1)u + 8)By + tBy,
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by (4.6), (2.3) and (2.4), we get

c—c€[)(B+6Bs)=cg(B) C(1+4)0B.

From this and the inequality § < min{1,/8) we have

c—ce {(1+86)*2x +Du+ (1+8)s}By + (1 +6)tB,
C{(1+¢e)(2X + Vu+ (1 +¢)s}Bo + (1 +¢)tBy,
which together with (2.5) gives the desired property (4.1). |

We are now in a position to complete the proof of part (i) of Theorem 1.5. So,
suppose that Xo + X, is strongly complete both with respect X and with respect
to X1 and that the family of sets B’ satisfies the conditions of the theorem. Note
at once that if 7(B’) has no limit points lying on the coordinate axes, then the
statement of the theorem follows from Proposition 2.1.

Assume now that 7 (B’) possesses such limit points. Applying Lemma 4.1, first
to Xy (and the s-axis) and then a second time to X; (and the t-axis), we can
extend the family B’ to a family B C B()? } such that:

(i) every two sets of the family
poé:{,uoB:BEB}
where
p = (1+¢)*(2max(As(Xo), = (X1)) + 1)

have a common point;

(i) the points s(p o B) and t(i o B) belong to T (i o B).

It remains to apply to the family o B the result of Proposition 2.1 and the
proof is complete. |

Proof of Theorem 1.5, part (ii): Show that under the conditions of the theorem
the space Xy + X; is strongly complete with respect to X (the same proof is
valid for X;). Let {z;}2, be a sequence in Xy + X; such that

(47) di]' = diSt)](l‘i - J,‘j,B()) —0, 1,700

According to Definition 1.4, we have to establish the existence of an element
Z € Xp + X, such that

distn{z; — &, ABg) = 0, i — co.
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To this end we set
di = Sup dj.
Jjzi
Then by (4.7) and (2.2), for every 3,7, ¢ <7,
Ty —x; € Bo + 2dijB)j C Bg + 4dij(BO + Bl)
C (1 + 4(di + d]))Bo + 4(di -+ dj)Bl.
From this and (2.5) it follows that B(®) N BU) # @ where
B(z) = (% 5 4(5;).30 + 402‘81 + ;.

Thus every two sets of the family B’ = {B® : i = 1,2,...} have a common
point. Therefore, by the assumption of the theorem, there exists an element
Z € Xo + X; such that

feyoBYW, i=12,....
Consequently,
z; — % € (1 + 4d;) By + 4vd; By C 3vB, + 8vd; Bs.
By (4.7), d; = 0 as i = oo. Thus
disty(z; — Z, %'yBO) <8yd; -0, i—00

and part (ii) of Theorem 1.5 follows. ]

5. Example 5.1 and proof of Theorem 1.2

Given a positive integer N define sequences {sm}, {tm}, {rm} by the formulas

2
. Nm _ 1 =2 _
sm=N" tp=s.", Tm=s," m=01,...,N

and set
ar = Sk +t_1, k=12,...,N.
Let Xo and X; denote the space RY equipped with the norms |zl =

max;=1,.. N |%:| and ||zll; = max;—y .~ |z;]/7;, respectively. We shall choose
X3 to be the linear subspace of RV,

Xg:{xERN: i%:O}}

i=1
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with the norm ||z||z = max;=1_ n~|z:|/a;. Finally, define the family B’ =
{B™:m=0,1,...,N} C B(X), where X = (Xo, X1, X2), setting

B(O) = 32 -+ alé'l

N
x; A .
:{xGRN: Za—::L’a—l—ll§1,|mi|§ai,z:2,...,N}
=1

and
B(m) = S$mBo +tB1 = {l‘ € RN : |I,] < 8T +tm,t = 1,...,N}.

Here B; is the unit ball of X; and €, denotes the k-th vector of the standard
basis of RY. It is not difficult to check that for every k=0,..., N

ﬂ B™) £,

m#£k

but, nevertheless,

(1 7eB=0 forallye(0,N/4).
BeB’

In particular, this shows that the number m = m(3) introduced in Remark 1.7
satisfies
m(3) > N/4d— 00 as N — . |

Proof of Theorem 1.2: Let Koo (t; 2 : X) denote the K,-functional of an element
z € Xo¢ + X7 with respect to the couple X = (Xo, X1), Le.,

(5.1) Kot;z:X)= in

ponf  {max([|zoflo, tllzalls}-
Recall (see, e.g., [BL]) that

(5.2) Koo(t;m:X‘):sup—t—-Koo(s;x:X:)
s>0t+s

and

(5.3) K(t;z: X) = inf (1 + EKOO(S;:E : X))

s>0
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Thus by the assumption (1.3) and (5.2),

(5.4) Koo(tizo — x5 X) < a(t) + vp(t), t>0
where

t
(55) "J)a = igg m‘pa(s)'

Next, for any € > 0, by (5.1) and (5.4), we have

(56)  a— 25 (L+e)Walt) +dp(t) (Bo ; %B) L tso.

Let us show that (5.6) implies

velt) , 420 p,
t s

(5.7) To — g € 2(1 +€)(a(t) + ¥5(t))Bo + <— -+

for all s,t > 0. Indeed, suppose that 0 < s <t and set

= (als) + a0/ (Lo 4 220,
Obviously, 0 < s < u < t. Moreover, by (5.5), the functions 1,(t) and t/¥q4(t)

are both non-decreasing. Therefore

PYalu) + d)ﬁ(u) < als) + 2"/}[3(07

%UU) N dfﬂi@ < 2;&2(5) . wﬂt(t).

It remains to set ¢t = u in (5.6) and the desired relation (5.7) follows.

Set now
B@(t) = 2(1 + &)1 (t) {Bo + %Bl} +z4 t>0, a€A
Then by (5.7) and (2.5), every two sets of the family
B = {B@(t):t>0,a € A}

have a common point. Moreover, by the assumptions (ii) and (iii) of the theorem,
the family B’ satisfies the conditions (ii) and (iii) of Theorem 1.3. According to
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this theorem, there exists an element Z € Xy + X; such that for all « € A and

t>0,

z €voB@(t).

Here - is the constant defined in (1.2). Thus

Ta

— €201+ e)yalt) {Bo + %Bl} C 201 + €)2ytha(t) {Bo + %Bl} .

From this and definition (5.1) we get

Keo(t;za — 2 : X) < 2(1 + €)*yea(t)

for all t > 0 and a € A. Now by (5.3),

K(t;zo — 2: X) < 2(1+€)%y inf(1+t/5)¥al(s).

Since ¢, is a concave and non-decreasing function on Ry, the latter infimum is

equal to ¢, (t). This completes the proof of Theorem 1.2. 1
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