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ABSTRACT 

We give a geometrical interpretation of the Brudnyi-Krugljak K-divisibility 

theorem -- one of the fundamental results of modern interpolation theory 

of Banach spaces. We show that this result is closely connected with a 

curious intersection theorem which can be formulated in the spirit of Helly's 

classical theorem. Let B0, B1 be two dosed convex balanced subsets of a 

Banach space X. We prove that under a wide range of various conditions 

the family of sets B = {B = sBo + tB1 + c; s, t E R, c E X} possesses the 

following intersection property: 

Let B J be a subfamily of B such that every two sets from B J have a 

common point. Then ~'~BeU'"/ o B ~ O, where "7 > 0 is an absolute 

constant (~, ~ 7 + 4x/2) and the symbol ~ o B denotes a dilation of B with 

respect to its center by a factor of % 

As a consequence we obtain a generalization of the K-divisibility theo- 

rem for sums of two elements. 

1. I n t r o d u c t i o n  and results  

In  th is  p a p e r  we p re sen t  a g e o m e t r i c a l  a p p r o a c h  to  t he  K - d i v i s i b i l i t y  t h e o r e m  of 

Yu. B r u d n y i  and  N. K r u g l j a k  [BK1, BK2].  T h i s  t h e o r e m  at  t h e  p r e sen t  t i m e  is 

one  of  t h e  f u n d a m e n t a l  r esu l t s  of  m o d e r n  i n t e r p o l a t i o n  t h e o r y  of  B a n a c h  spaces .  
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It has many interesting applications both in interpolation theory and in various 

branches of analysis (see e.g. [BK2, Ch. 3,4], [C], [N1], [N2], [K] [M], [BS]). 

Here we will deal with a particular case of the theorem relating to decomposi- 

tions of an element of a Banach space into a sum of two terms. Let us recall this 

result. 

Let )( = (X0, X1) be a compatible pair of Banach spaces equipped with the 

norms I[' ]1o and ][. II1 (for this and the following definitions see, e.g., [BL]). We 

let K(.; x : )~) denote the K-functional of an element x C X0 + X1 with respect 

to the pair .~, i.e., 

K ( t ; x :  )C) = inf{ l lxol ]o  + t l l xa l l l  : x = xo -}-Xl,Xo e X o , X l  E X l } .  

THEOREM ((K-divisibility, [BK1, BK2])): Suppose that 

K ( t ; x  : <  1(t) +  2(t) for all t > 0 

where each ~i(t) is a positive concave function on (0, ~ ) .  Then there exist 

elements xx, x2 C Xo + X2 such that 

X = X 1 ~- X2, 

K(t;x:X)<3,qoi( t ) ,  i = 1 , 2 ,  t > O .  

Here 7 is an absolute constant. 

Brudnyi and Krugljak obtained that the constant "7 satisfies 1 < 3' ~ 14. Then 

M. Cwikel [C] showed that V -~ 8 + e, where ~ > 0 is arbitrary (see also [BSh]). 

The best estimate for "y known at present is 7 -~ 3 + 2x/2+e, which was obtained 

by M. Cwikel, B. Jawerth and M. Milman [CJM]. 

We will be interested in a geometrical interpretation of the K-divisibility 

theorem. We will connect this assertion with a purely geometrical theorem 

which is very close in spirit to the classical Helly theorem [DGK]. As a corol- 

lary of the main result we obtain a generalization of the K-divisibility property 

(Theorem 1.2). 

For the formulation of the result we let Bi -- {x E Xi : Ilxlli _~ 1} denote the 

unit ball of the space Xi for i = 0, 1 and we introduce a family B = B(.Y) of sets 

(1.1) 13(X)={B=sBo+t-131+c;s ,  t E R U { •  }. 
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Here and below B (or cl~(B)) denotes the closure of a set B in the topology of 

X0 + X1 (in case s = +ce  we set sBi = Xi ,  i = 0, 1). If B is centrally symmetric 

and A is non-negative, then we let A o B denote a dilation of B with respect to 

its center by a factor of A. 

Let us consider the following main 

Intersection Problem: Let B' be a subfamily of B()C) such that  every two sets 

f rom/3 '  have a common point. Does there exist a constant 3 such that  

N ~/oB # @? 
BEN' 

Our first main result shows that  the problem formulated above has a positive 

answer, at least in the case of finite families/3' C B()~): 

THEOREM 1.1: Let B' be a finite subfamily of B(.~) such that every two sets of 

/3' have a non-empty intersection. Then 

~,oB r  
BEN' 

Here "~ is an absolute constant which can be assumed to be of the form 

(1.2) "), -- 7 + 4 v ~  + E, 

where r is an arbitrary positive number. 

We shall also present results for infinite families B' C B()~) in Theorem 1.3 

below. However, let first us formulate a corollary of Theorem 1.3 which gener- 

alizes the K-divisibility property. (I am very obliged to N. Krugljak who kindly 

drew my attention to this corollary.) 

THEOREM 1.2: Let {x~}~eA be a subset of Xo + X1 and let { ~ } ~ e A  be a family 

of non-negative concave functions defined on (0, oo). Suppose that at least one 

of the following conditions holds: 

(i) {xa}aeA is a weakly locally precompact set of Xo + Xa; 

(ii) the imbedding Xic--~Xo + XI,  i = 0, 1, is either weakly compact or closed. 

Assume also that for any a and/3 6 A and t > 0 

(1.3) K(t ;x~  - x~ : X )  < w~(t) + ~o~(t). 
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Then there exists an element �9 E Xo + X l  such that for any a E ~4 and t > 0 

K( t ;x~  - ~ : f . )  <_ A~o~(t). 

Here A can be of the form A = 2(7 + 4x/2) + E, where g > 0 is arbitrary. 

Note tha t  in the case A = {0, 1},x0 = 0, xl = x this assert ion gives the 

K-divis ibi l i ty  theorem. 

We now consider the Intersect ion Problem for infinite family of sets. The  

following theorem shows tha t  for a ra ther  large collection of Banach pairs ) (  and 

families B' C B() ( )  this problem has a positive answer. Let c(B') and T ( B ' )  

denote  the  set of centers and the set of the dilation coefficients of all the sets of 

B' respectively, i.e. 

(1.4) 
(1.5) 

c(B') = {c E Xo + X1 : there exists B = sBo + tB1 + c C/~'},  

T(B')  = {(s , t )  C R 2 :  there exists B = sBo + t B l + C  C B'}. 

THEOREM 1.3: Let t3' be a subfamily of 13(X) such that every two sets of B' 

have a non-empty intersection. Suppose also that at least one of the following 

conditions is fulfilled: 

(i) T(13') contains those of its limit points which lie on the coordinate axes; 

(ii) c(B')  is a weakly locally precompact subset of Xo + X1; 

(iii) the imbedding Xi~-~Xo + X1, i = O, 1 is either weakly compact or closed*. 

Then 

BEI3' 

where 7 is the constant which appears  in Theorem 1.1. 

Examples: Let us ment ion two other  convenient conditions under  which 

Theo rem 1.3 can be applied: 

(i)' T(/Y) is a closed subset  of R2; 

(ii)' the  linear span of c(lY) is finite dimensional.  

Obviously  (i)' implies (i) and (ii)' implies (ii). 

(iii)' Let  us also list some examples  of imbedded pairs  (i.e., Xlc--+Xo) of 

Banach  spaces of smooth  and /o r  integrable functions in which the corres- 

* I.e., Bi is a weakly precompact subset of X0 + X1 or Xi is a closed linear subspace 
of Xo + X1. 
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ponding embedding operator is either compact or weakly compact. In particular, 

for the Banaeh couples (C[0,1]n,Lip[0,1]'~), (Ck[O, 1]n,C"~[O, 1]'~), k < m, 

(Lips[0 ,1]n,Lip~[0,1]n), 0 < c~ < ~ _< 1, or more generally for the pairs 

( L r [ 0 ,  n k 1] ,Wp[0,1]'~), k / n  > 1 / p -  I / r ,  (Lr[O, 1]n,Bpq[O, 1]'~), c~/n > I / p -  

1/r, 1 <_ r,p <<_ oo, this operator is compact. For the pairs (Ip, lq), 1 <_ q < p <_ oo 

and (Lp[0, 1]n,Lq[0, 1]n), 1 _< p < q <_ oo the imbedding operator is weakly com- 

pact and for the couples (loo, Co) and (Lip[0, 1] n, C 1 [0, 1] n) it is closed. 

Imbedded pairs (X0, X1 ) in which at least one of the spaces X0 or X1 is reflexive 

provide further examples of weakly compactly imbedded couples. In fact, here, 

by the Banaeh Alaoglu theorem, either B1 is a weakly compact subset of X1 or 

B0 is a weakly compact subset of Xo �9 Since XlC-+Xo, it follows that in both cases 

B1 is weakly precompaet in the topology of X0 and consequently the imbedding 

operator is weakly compact. 

By Theorem 1.3 the answer to the Intersection Problem is affirmative for all 

the Banach couples listed in (iii)' and for every family B' satisfying condition (i)' 

or (ii)'. II 

In connection with the statement of Theorem 1.3 the following question is quite 

natural: is the theorem valid without the condition (i)-(iii)? We do not know 

the answer to this question. Nevertheless, the method of proof permits us to give 

an "intrinsic" description of those Banach pairs for which the conclusion of the 

theorem does hold. 

For the formulation of the result we need the following 

Definition 1.4: Let X, Y be Banach spaces, Y~-+X. We shall say that X is 

strongly complete with respect to Y, if there exists a constant ~, ~ > 1 such that 

for any sequence {x i} i~l  C X the condition 

dist(xi - x j,  B y )  -+ O, i , j  --4 oo 

implies the existence of an element x C X such that 

(1.6) dist(xi - x, )~By) --+ 0, i --+ oo. 

Here, By is the unit ball of Y and 

dist(x, B r )  = inf IIx - YlIx. | 
yEBy 
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Let us denote by Ax(Y) the smallest value of the constant A for which the 

above property holds. 

Examples: (a) If Y = {0} is the null space, then strong completeness of X with 

respect to Y coincides with ordinary completeness of X. 

(b) Let Y be a closed subspace of X with seminorm H' IIY 0 (i.e., By = 

Y). Then the strong completeness of X with respect to Y is equivalent to the 

(ordinary) completeness of the quotient space X / Y .  I 

THEOREM 1.5: 

(i) Suppose that the space E = Xo + Xl is strongly complete both with respect 

to Xo and with respect to XI. If every two sets of a subfamily 13' E B(.~) 

have a common point, then ~{`7 o B:  B C t3'} ~ 0 where 

(1.7) '7 -( 3(7 -t- 4x/2) max(AE (Xo), AE (Xl)). 

(ii) Conversely, assume that for some % 7̀ >_ 1 the following condition holds: if 

B' is an arbitrary subfamily of B(X) such that every two sets orB' have non- 

empty intersection, then ~{'~ o B : B E B'} ~ O. Then Xo + X1 is strongly 

complete both with respect to Xo and with respect to X1. Moreover 

(1 .8 )  < 1 _ ~`7,  i = 0 , 1 .  

Before presenting the proofs of the results formulated above let us make some 

remarks. 

Remark 1.6: This investigation was inspired by an interesting geometrical in- 

terpretation of the K-divisibility property, obtained by N. Krugljak [K1]: 

Let U1, U~ be two arbitrary subsets of the positive octant {(s,t) : s > 0, t > 0}. 

Then 

(1.9) A (sBo + tB1) C `7{ ~ (sBo +tB1) + N (sB0 +tB1)},  
(s,t)cul+u2 (s,t)~u~ (s,t)~u2 

where `7 is an absolute constant. Note that the converse imbedding is trivial and 

holds with `7 = 1. 

Let us show that  the imbedding (1.9) is a corollary of Theorem 1.3. To prove 

that  a point x belonging to the left-hand side of (1.9) belongs also to the right- 

hand side, it is sufficient to apply Theorem 1.3 to the family 

(1.10) B' = {B = sB0 + tB1, (s, t) c U1} U {B = sBo + tB1 + x, (s, t) c U2} 
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and to make use of the positivity of the coefficients s,t in (1.10). Since the 

set of centers c(B') consists of only two points, condition (ii) of Theorem 1.3 is 

obviously fulfilled in this case. I 

Remark 1.7". Since the formulation of Theorem 1.1 is very similar to that  of 

Helly's Theorem in one dimension, it is natural to ask the following question: 

Does' there exist an analog of Helly's Theorem [DGK] (in the spirit of Theorem 

1.1) for the family 

n n 

i = 0  i = 0  

generated by an (n + 1)-tuple of Banach spaces 32n? In other words, does there 

exist a positive integer m = re(n) and a constant ~, = ~,(n) such that for any 

family B' C B()() in which every m sets have a common point, the intersection 

N{3' o B : B E B'} is non-empty? 

Example 5.1, given in Section 5, shows that the number m(n) cannot be ~nite 

even if we restrict ourselves to finite-dimensional Banach triples (but of arbitrary 

dimension). 

Remark 1.8: The constant 3' from (1.2) can probably be improved considerably. 

In particular we can prove that for all two-dimensional Banach pairs, ~/ < 2. 

This estimate of ~ is exact and is attained, for instance, for B0 = [-1, 1] 2 and 

B1 = {(x,y) : y = x , - 1  G x G 1}. The point of view developed here, of 

viewing the K-divisibility problem as an intersection theorem (cf. Remark 1.6), 

also provides an approach for calculating the K-divisibility constant. It can 

be shown that  for all two-dimensional pairs this constant is less than or equal to 

(x/~+ 1 ) / (3 -v /2 )  ~ 1.52. This value is attained, for example, when B0 = [-1,  1] 2 

and B1 -- {(x,y) : y = t a n ( ~ ) x , - 1  < x < 1}. This fact, as well as several other 

results concerning the K-divisibility constant, will be presented in a forthcoming 

paper [S]. I 

The paper is organized as follows. Section 2 contains definitions and the proof 

of the main Proposition 2.1 (which is actually is an extension of part (i) of 

Theorem 1.3). Section 3 is devoted to the proof of a series of auxiliary lemmas. 

Section 4 contains the proof of Theorem 1.3 and Theorem 1.5. Finally, in Section 

5 we present Example 5.1, mentioned in Remark 1.7, and prove Theorem 1.2. 
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2. A u x i l i a r y  s t a t e m e n t s  

Let  us recall tha t  the norm in the space E = X0 + XI is defined by 

(2.1) ][x][r, = inf{[]xolIo + llxl[[1 : x = xo @ x l , X o  e X o , X l  E X 1 }  

and consequently, for any e > 0, 

(2.2) /)0 U/~1 C /~G C (1 + e)(Bo + B1). 

Here and below B2 denotes the unit ball of 3/0 + XI.  Later on we shall also need 

the following elementary properties of subsets from Xo + X1. Namely, by (2.2), 

for any S C Xo + X1 

(2.3) S :  ~ ( S + ~ B N )  = ~ ' ] ( S + C ( B o + B 1 ) ) .  
e>0 e>0 

Hence, in part icular,  it follows tha t  for any set B E B(3~) and any e > 0 

(2.4) B C / D C  ( l + e )  o B .  

If B = S/9o + t/91 + c, then in the cases s = 0 or t = 0 proper ty  (2.4) is obvious. 

If s and t are both  non-zero, then, by (2.3), 

/ )  C 8/% q- t / ) l  q- e q- e min(s, t)(B0 + B1 ) C (1 n t- E)(s/) 0 -Jr- t / ) l  ) -}- e = (1 + e) o B. 

Let  us remark  also tha t  for any sets B (i) = si/)o + r iB1 q- ei, i = 1,2 

(2.5) B (1) A B (2) r !~ ~ Cl - c2 E (Sl + s2)Bo + (tl + t2)i)l .  

Note at last tha t  for any set B = S/)o + t / ) l  + c E B(P() 

B = Isl& + Itl& + 

Therefore,  everywhere below, we can assume that  s, t > 0, i.e., 

T (B ' )  C R~_ = { ( s , t ) :  s , t  > 0} 
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(see (1.5) for the definition of T(/~')). To formulate the main result of the section 

we need the following notations. 

Throughout the proof B' denotes a subfamily of/3()~) such that  every two sets 

of 13 ~ have a common point. For each subset A C R 2, let SA denote the point 

nearest to the origin among all limit points of A lying on the s-axis. Analogously 

t A denotes the limit point on the t-axis which is nearest to the origin. For 

simplicity of notation we shall write s(B') and t(B') instead of sT(B, ) and tT(t~, ). 

PROPOSITION 2.1: Suppose that the points s(B') and t(/3') belong to T(13'). 

Then for some ~ > 0 

N ~ f o B # O .  
BEt3 ~ 

Here "y is an absolute non-negative constant, 7 <_ (7 + 4x/2) + E, where e > 0 is 

an arbitrary positive number. 

Proof: The proposition is based on two auxiliary lemmas. 

LEMMA 2.2: Let A be a subset of R2+ such that SA and tA belong to A. Then 

for arbitrary r > 1 and c > 0 there exists a countable or finite subset 

U = {ui = (s i , t i ) :  i E I} C A 

such that: 

(a) for any i E I 

(2"6/ E s k  _< (1+~)  r r - 1  si' E t k - < ( l + e ) r - r  l t l;  
k < i  k > i  

(b) for any z = (s, t) E A there exists a point ui = (si, ti) E U such that 

Proof: Let us set 

si <_ (~ + ~)s, t~ < (~ + c)t. 

(2.7) G = { z = ( x , y )  E c l ( A ) : { ( s , t ) : s < x , t < y } n c l ( A ) = z }  

where cl(A) denotes the closure of A. It is easy to check that the set G r 0 and 

possesses the following properties: 

(1) ifzl  ---- (Xl~ Yl), z2 -- (x2, Y2) E G, z 1 ~ z2, then x 1 ~ x2, Yl ~ Y2. Moreover, 

if xl < x2, then Ya < Y2; 
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O 0  (2) suppose that  a sequence {zi = (xi, Yi)}i=l C G converges to a point z = 

(x, y) and xi >_ x, Yi <_ Y for all i = 1, 2, ...; then z �9 G. 

In fact G is a graph of some non-negative monotone decreasing and continuous 

from the right function, defined on a subset of R+.  

Let us construct the set U, satisfying the lemma's  conditions. To this end we 

let J denote a set of integral indexes j such that  

a t  = a n  {(s,t) �9 R~_:/.J < t < / . J+ '}  ~ 0. 

Let us observe that  if A has limit points on the s-axis then, by definition (2.7), 

the point S A belongs to G. In this case we set G-oo = {SA}. 

Given j �9 J let us define numbers xj ,  yj by the formulas 

(2.8) xj  = inf{s : (s,t)  �9 Gj} ,  yj = s u p { t : ( s , t ) � 9  

By properties (1), (2) of the set G, it follows that  the point zj = (xj ,  yj) belongs 

to Gj. Set now 

H - -  {zj: j �9 J}  

and denote by I a family of integral indexes such that  the set 

(2.9) Hi --- H n {(s , t)  �9 R~_:/.i  < s </.i+l} 

is non-empty. Note that  if A has limit points on the t-axis, then the point tA 

belongs to H.  In this case we put H _ ~  = {tA}. 

Let us set now 

(2.10) si = sup{s:  (s,t)  C Hi},  ti = inf{t : (s,t)  E Hi}. 

By discreteness of Hi and property (1) of the set G, the point ~i = (~i, ti) belongs 

to Hi. Let us denote by U the set 

--- {~i : i C I}  

and define the desired set U. 

If the point ui lies on a coordinate axis (and consequently ui = 8A or tA) 

then we set ui = ui- By property (1), the remaining points of U have positive 
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coordinates. Let 5i = (~i, t'i) be such a point. Since 5i E cl(A) and ~i, ti > 0, 

there exists a point ui = ( s i , t i )  E A such that 

(2.11) 

and 

(2.12) 

(1 - 5)~i ~_si ~_ ( 1 + 5 ) ~ i  

(1 - 5)ti ~ ti _< (1 + 5)ti 

Therefore 

Together with (2.11) this gives 

(1 + 6) k-i+1 sk _< (1 + 5)~k < (1 + 5)rk-~+% _ ~ - i - : ~ r  s~. 

(1 + 5) r P rk-i+l (1 + 5) r s 

k<i k<i 

Inequality (a) for the sequence {ti : i E I} is proved analogously. 

Let us prove (b). For each point z = (s, t) E A we define the point z '  = (x ' ,  y ' )  

by 

x l = m i n { w : v G s , ( v , w )  Ecl(A)}, y ' = m i n { v : w = x ' , ( v , w )  Ecl(A)}. 

Since cl(A) is closed, the point z '  = (x ' ,  y ' )  belongs to cl(A). Moreover, by the 

definition of x~ ,y  ~ and (2.7), it follows that z '  E G and 

x / < s, y~ _< t .  

Let us now choose an index j E J such that z / E Gj and let z" = ( x j , y j )  denote 

the point defined by (2.8). Then, by the definition of Gi,  

x j  << x '  <_ s, y j  <_ r y  I <_ rt.  

8k ~ rk-i+lsi for k < i. 

where we set 5 = e/(c + 2). 

Let us show that the set U = {ui : i E I} satisfies properties (a) and (b) of the 

lemma. For the proof of (a) we note that, by (2.9), 
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Let us next choose an index i  E I such that z" E Hi. If~2i = (gi,ti) E cl(A) 

denotes the point defined by formula (2.10), then 

gi <__ r x "  = r x j  < rs, ti 5 y" = yj <_ f t .  

Finally, let ui = (s i , t i )  be a point in U which satisfies inequalities (2.11) and 

(2.12). Then 

~ < (1 + 5)a~ < (1 + ~),~ _< ~s, 

t~ < (1 + ~)~ < (1 + ~)~ <_ rt, 

and the lemma follows. | 

Let further B (i) = si[~o + ti[~l + ci , where ci E X0 + X1 and si, ti >_ O, i E I ,  

be a sequence of pairwise intersecting subsets of B(J(). 

LEMMA 2.3: Suppose that for every i E I 

(2.13) ai = 2 ~ s k  + s i  < oc, Zi=2~tk+ti<cc.  
k<i k>i 

Then for any posit ive e 

N{(1  + E)c~i/)o + (1 + C)~iB1 § el} • 0. 
iEI 

Proof'. Without loss of generality, we can choose the index set I to consist of a 

(finite or infinite) family of consecutive integers. Since B (i) N B (i+1) 7k 0 for any 

i, i + 1 E I ,  by (2.5) there exist elements xi E (si + Si+l)/)o and Yi E (ti + t i+l) /) l  

such that 

(2.14) C i + I  - -  Ci = --Xi  § Yi. 

Let 5 be an arbitrary positive number and ,~i = d. 2 -I/I. Then, by (2.3), 

(2.15) IIx~llo ~ (8~ + 8~§ + (~x~ + ~x~§ 

Ilu~IIl < (t~ + t~+l) + (:~ + ~+1).  

In addition, by (2.14), 

y, =-ck + Z xm. 
i<_m<k i<_m<k 
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Let us set now 

(2.17) 
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C=CiW E Xm + E Y m .  
m<i m>i 

By (2.13) and (2.15), both series in (2.17) are absolutely summable. Moreover, 

according to (2.16), the point ~ does not depend on i. Let us show that  

We have 

C ( l + e ) a i B o + ( l + e ) f l i B l + c i ,  i E I .  

l] E Xrnll0 ~ E IlXmllO <~- E (sin -~- Sra+l nt- "~m ~- "~m-I-1) 
m<i m<i m<i 

<2 sm+si+2 am< i+2  z 2-m 
m.(i mEI mEZ 

In the same way we obtain the estimate 

~ y m  1 < fl~+65. 
m>_i 

From this and (2.17) it follows 

C aiBo 

By the arbitrariness of 6, (2.3) 

that 

+ fliB1 + Ci + 65(B0 + B1). 

and (2.4), we obtain the desired property 

5 E cl~(aiBo + fliB1 + ci) C (1 + e)ai/)o + (1 + ~)fliB1 q- ci, 

which proves the lemma. | 

We are now in a position to complete the proof of Proposition 2.1. Let 

A = T(B') .  

By the assumption of the proposition, the points SA = s(B ~) and tA = t(B') 

belong to A. Applying now to the set A the result of Lemma 2.2, we obtain that  

for given r > 1 and e > 0 there exists a sequence {(si , t i )} iei  C A which satisfies 

properties (a), (b) of the lemma. Let us now set 

a i = 2 E s k + s i ,  f l i = 2 E t k + t i ,  i E I .  
k<i k>i 
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Then, by inequality (2.6), 

(2 .18)  

and 

(2.19) 

P. SHVARTSMAN 

r 
~  

/3i -< (2(1 + e) ( r  r_--~) + 1)ti- 

Isr. J. Math.  

Thus the sequence of sets 

B (i) = siBo + riB1 + ci, i C I 

satisfies the conditions of Lemma 2.3 and consequently there exists an element 

e C Xo + X1 such that  

e e (1 + ~ )~ i& + (1 + ~)Z~B1 + ci. 

From this and inequalities (2.18) and (2.19) we have 

(2.20) e e (1 + e) (2(1 + ~) r ) ( ~ _ 1 )  + 1  ( s i B o + t i B 1 ) + c i =  ~ o B  (i) 

where 

A=(1+e) (2 (1+6) ( r r - -~_1  ) + 1). 

Next, by condition (b) of Lemma 2.2, we see that  for every set 

B = s B  0 --~tB1 -~-c ~ 13 ! 

there exists a pair (si, ti) such that  

,~ __ (r + ~)~, t~ _< (r + ~)t.  

Since B(0 M B # 0, by (2.5) it follows that  

e - c = ( e -  c~) + (c~ - c) 

C )~{siBo + ti[~,} + (r + 1 + e){s/~0 + t/}l} C 7(r,e){s[~o + t[~,}, 

where 7(r, e) = (A(r + e) + r + 1 + e). Setting ro = 1 + 1/V~ we have 

7 = 7(ro, e) = 7 + 4v~  + O(e). 

Thus 

--  c Q 7 ( * B o  + t B 1 ) .  

This means that  e E 7 o B and Proposition 2.1 follows. I 
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3. M a i n  l e m m a s  

Suppose that  there exists a sequence of sets {B (/) = si/~0 +t/ /~l  +ci, i = 1, 2 , . . . }  

C/3 '  such that  

(3.1) lim si = u, lim ti = 0. 
i--+oo i-+oo 

In  this section we present a series of sufficient conditions under which the family 

B' possesses the following 

Property 3.1: For any r > 0 there exists an element ~ E X0 + X1 such that,  for 

every B E B', 

((1 + e)uBo + e) f3 (1 + e) o B r 0. 

A sufficient condition for B' to have this property is given by the following 

c co weakly convergent sequence in Xo + X1, then B' LEMMA 3.2: I f  { i } i=1  iS a 

possesses Property 3.1. 

Proof: Since B (i) ~ B  • ~ for all i = 1 ,2 . . .  and every B E/3 ' ,  

ci E B q- UBO + max(s/ -- u, 0)/~o q- ti[~l C B + u[~o -k viBE 

where we put 

Vi = max(si  -- u, O) + ti. 

Note that  by (3.1), vi tends to 0 as i --+ oo. Let e denote the weak limit of the 

sequence {ci}. Then for any functional f E E* 

f(ci)  <_ 5 ( f , B  + u[3o) + vilifl]*, 

where 5(f, A) = sup{f  (x) : x E A} denotes the support function of a set d C E. 

Since f (ci)  --+ f(e)  and vi --+ 0 as i --+ oc, we obtain 

f(e) < 5(f, B + u[3o). 

Hence, by the Hahn-Banach theorem 

e E cl~(B + U/}o), 

which together with (2.3) gives 

e E  ( l + e )  o ( B + u / ) 0 ) = ( l + e ) o B + ( l + e ) u B 0 .  
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Lemma 3.2 is proved. I 

Before we formulate the following result let us remark that by the property 

B (i) N B (j) 7 s ~ and (2.5), we have 

(3.2) c~ - cj E (s~ + sj)/)0 + (t~ + t j ) / ) l  

for every i, j E N. 

LEMMA 3.3: If the set c(B') (see (1.4)) is weakly locally precompact in Xo + X1, 

then B ~ possesses Property 3.1. 

Proof: By (3.2), 

(3.3) ci - cj E (si + sj)Bo + (ti + tj)B1 C (si + sj + ti + tj)Br. 

for any i , j  E N. In addition, by (3.1) the sequences {si} and {ti} are bounded. 

From this and (3.3) it follows that the sequence {c~} is bounded in Xo + X1. 

Since c(B') is weakly locally precompact and {c~} C c(B'), there exists a weakly 

convergent subsequence {%}  C {ci}. It remains to apply to the sequence {eik} 

the result of Lemma 3.2 and the desired Property 3.1 follows. I 

LEMMA 3 . 4 : I f 0  is a limit point of the set T(B') ,  then for arbitrary e > 0 

( I + ~ ) o B # 0 .  
BE~' 

l rt(i)loo B' Proof: By the assumption, there exists a sequence of sets t ~  Ji=l C for 

which (3.1) holds with u = 0. Then, by (3.3), {ed is a fundamental sequence 

in Xo + X1. In particular, {ci} is a weakly convergent sequence. Therefore, by 

Lemma 3.2, 

((1 +e)U/)o + ~) el(1 + e )  o B = {e} n ( l + e )  o B  r 0 

for some element ~ E Xo + X1 and for every B E B'. I 

LEMMA 3.5: Let Bo be a weakly precompact subset of Xo + Xl. Then 13 ~ 

possesses Property 3.1. 

Proo~ Let us show that the sequence {c/} has a weakly convergent subsequence 

{e~k}. 
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Setting 

by (3.2), we have 

si  = m a x { s i  - u,  0}, 

c~ - cj ~ (s~ + sj)[~o + (t~ + tj)B1 c 2UBo + (~ + ~j)[~o + (t~ + t j ) [~  

c 2u/)0 + (gi + ti + $~ + t j )Bz.  

Hence it follows that there exist elements hi j ,  bij E Xo -}- X1 such that 

(3.4) c~ - cj = ai j  + bij 

and 

(3.5) { a i j }  C 2u/)0, { b i j }  C (ei + e j ) B z  

where ei  = s j  + t j .  Note that  by (3.1), Ei converges to 0 as i --+ oe. 

Let us now obtain a subsequence {a~,,Zj } of the (double) sequence { a i j  } which 

has the additional property that for each fixed i, {a~,,~j } is weakly convergent. 

We do this by the standard diagonalization procedure. (I.e., since B0 is weakly 

precompact by (3.5), the set { a i j }  is also weakly precompact. So {atj}~-i con- 

tains a weakly convergent subsequence { a u k  }~=1" Then the sequence {a j2 jk  }~=2 

also contains a weakly convergent subsequence, and we repeat this procedure for 

each subsequent value of k.) 

From here on we can denote the new sequence {aa,,Zj } by { a i j } .  Observe that  

it also satisfies (3.4) for all i, j e N, i < j and for each fixed i the (new) sequence 

{ a o }  converges weakly as j --+ co. We let a~ denote the weak limit of { a i j } .  

Then, by (3.5), {hi} C 2u/)0 and consequently { h i }  is a weakly precompact 

sequence. 

Let us show now that the sequence 

gi = ci - ai 

strongly (i.e., in the norm of X0 + X1) converges. Let k be a positive integer, 

k > m a x ( i , j ) .  Then, by (3.4), 

gi -- g j  = (ci -- a i )  -- (c j  -- a j )  = (ci -- ck -- a i )  -- (c j  -- ck -- a j )  
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= (aik - ai) - (ajk -- aj)  + (bik -- bjk). 

Let f be an arbi trary functional in E* of the norm Ilfll* ~ 1. Then, by (3.5), 

If(g~ - gj)l <- If(aik - ai)l + I f (a jk  - aj)l + I/(bik)l + If(bjk)l  

< If(aik - - a d l  + I f (a jk  - a j ) l  + e~ + ej + 2ek. 

Since ~k --+ 0 and aik -- ai --+ 0 weakly as k --+ 0% we have 

If(gi - g3)l ~ ~i + ej. 

By the arbitrariness of f ,  it means that  

Ilgi - gj[l~ ~ ~ + cy. 

Thus {9/} is a fundamental and consequently a (strongly) convergent sequence. 

Since {ci = gi + ai} is the sum of a strongly convergent sequence and a weakly 

precompact  sequence, {c/} is also a weakly precompact sequence. In particular, 

{ei} contains a weakly convergent subsequence {cik }. 

It  remains to apply to {c/k} the result of Lemma 3.2 and the proof is 

complete. | 

LEMMA 3.6: Suppose that  Xo is a closed subspace of  Xo + X1. Then there exists 

an element  axo E Xo + X1 such that for every se t /3  = s/)0 + t/)l  + c E B', 

d i s t E ( c -  axo ,Xo )  <_ t. 

Proof: Let E / X o  denote the quotient space of E -- Xo + X1 with respect to the 

space Xo and let 7r : E --+ E / X o  be the corresponding projection operator. The 

s ta tement  of the lemma is equivalent to the existence of an element z E E / X o  

such that  for every B = s/3o + t/31 + c E B t, 

(3 .6)  II z - ~ ( c ) l l ~ / / o  5 t. 

Let us construct such an element. Recall previously that  B~fq B"  r ~ for every 

two sets B t = s@o + t@l  + c t and B"  = s"/3o + t"/31 + c" of B t. Therefore, by 

(2.5), 

C' -- c" E (s t q- s")/~0 q- (t t q- tu)/~l �9 

Since Xo is closed in E, this implies 

c' - c" E Xo + (t' + t " )B~ ,  



Vol. 103, 1998 K-DIVISIBILITY PROBLEM 307 

which is equivalent to the inequality 

(3.7) I I ~ ( c ' )  - ~(c")ll~/xo <_ t' + t". 

Let us consider now the sequence of sets B (i) = siBo -gti[~1-9ci C 13' satisfying 

the equalities (3.1). Then  

I I ~ ( ~ i )  - ~ ( c j ) l l ~ / x o  _< t~ + t j  ~ 0,  as i , j  --+ e~. 

Thus the sequence {Tr(ci)} is fundamental  and consequently converges to an 

element z r E / X o .  Then, by (3.7), 

IIz - ~r(c)ll~lxo <_ IIz - ~(cdll~/xo .+ I I ~ ( c d  - 7r(c)ll~lXo 

_< Ilz - ~(cdll~/xo + ti + t. 

Directing now i to oe we obtain  the desired inequality (3.6). The lemma is 

proved. I 

LEMMA 3.7: I f  Xo is a closed sub@ace of  Xo + X1, then the family  B I possesses 

Proper ty  3.1. 

Proof: Let 5 = 5(e) be a positive number  which we will indicate below. 

Let us show first tha t  for any set B = s/)0 + t / ) l  + c  there exists a decomposi t ion 

(3.8) c = axo -9 XB -9 YB, 

where axo is the element constructed in Lemma 3.6, XB E Xo,  YB C X1 and 

(3.9) YB C (1 + ~)tB1. 

This is immediate  in the case t = 0, since then we can set YB = O, xB = c - axo. 

So we may  suppose that  t > 0. Then, by Lemma 3.6, there exists b E X0 such 

tha t  

] ] c - a x o - b l [ r < _ t + ~ t =  1 +  7 t. 

Consequently, by definition (2.1), there exist elements Xo E X0 and xl  E X1 such 

tha t  

c - axo - b -- xo -t- Xl, 

llx0llo+llZllIl_< 1+ 7 t+-~t= (1+5)t. 
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It remains to set XB = b +  xo, YB = x l ,  and (3.8) and (3.9) are proved. 

Let {B(i),i = 1, 2, . . .}  be a subfamily of/~', satisfying the equalities (3.1). We 

can assume that the number u in (3.1) is positive. If u = 0 then 0 is a limit point 

of T(B') which, by Lemma 3.4, completes the proof. 

So we may assume that u > 0. In that case there exists a positive integer i0 

such that sio _< (1 + 5)u and tio <_ 5u. For the sake of brevity we set 

= % ,  [ = tio, ~ -- Sio, ~ = xB(~o), ~l = yB(~o). 

Then, by definition, the set/~ = s/~o + t/~l + c belongs to B' and 

(3.10) ~_<(1+5)u ,  t<_Su .  

In addition, by (3.8) and (3.9), e = axo + ~: + 9, ~ ~ Xo, ~) ~ X1 and 

(3.11) 9 ~ (1 + 5)~B1. 

Finally, let us put 

(3.12) e = e -  9(= axo + x) 

and show that for some sufficiently small 5 = 5(e), Property 3.1 holds. 

So, let B = s/~o + t/~l + c C B'. We shall consider the following two cases: 

(a) ~ _< �89 
Since B n /~  # 0, by (2.5), 

c - ~ ~ (a + , )Bo + (~+  t ) & .  

On the other hand, by (3.11) and (3.12), 

- e = 9 ~ (1 + 5)~B1. 

c - e E (a + s)/~0 + (t + t)/}l + (1 + 5)tB1 
(3.13) 

C (8 -~ 8)Bo n t- (t -~- (2 -{- (~)t')J~l. 

Together with (3.10) and the inequality t _< e /3  this gives 

c -  e E {(1 + 5)u + s}/~o + {1 + (2 + 5)e/a}t/~l. 

Therefore 
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From this and (2.5) we have 

{(1+ 6)uBo + a} A (1 + �89 + a)) o B # 0, 

which in case 5 ~ min(1,e) gives the desired Property 3.1. 

(b) �89 < t. By (3.11), 

(3.14) c - ~ = ( c  - ~ - Y B )  + Y B  C ( c  - -  ~ - -  Y B )  + (1 + ~ 5 ) [ B 1 .  

On the other hand, by (3.13), (3.9), (3.10) and (b), we obtain 

(3.15) c - -  C. - -  Y B  e (8 Jr- '~)/~0 § (t § (2 § 5)~)/~ 1 § (1 + (~)t/~ 1 

c (s + a)Jg0 + (2 + 5)(1 + 3/e)g&. 

Furthermore, in view of (3.8) and (3.12) we have 

( 3 . 1 6 )  c - a. - y B  = ( c  - a x o  - y , )  - ( e  - a X o )  = : r ,  + ~: e X o .  

Recall that Xo is a closed subspace of Xo + X1 and consequently/}o C Xo. 

Moreover, by the Banach theorem, the norm [[. I]o and the norm, generated on 

Xo by the (Xo + X1)-norm, are equivalent. It means that for some A, A _> 1, 

(3.17) Bz A Xo c ABo. 

Now, by (3.15) and (3.16), we get 

c - e - Y B  e {(s + s)/~o + (2 + 5)(1 + 3/e)tB1} n Xo. 

In addition, by (3.17), 

/ ~ I A X o C B z n X o C A B 0  

which, together with (3.10), gives 

c - ~ - Y B  e ((1 + ~)u + s)/~o + k(2 + 5)(1 + 3/e)~u/~o = ((1 + a)u + s)/~o. 

Here we set 

: a (e ,&A)= 5 ( 1 +  A(2 + 5 ) ( 1 + 3 / e ) ) .  
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Now from this and (3.14) we have 

c - ~ �9 ((1 + oe)u + s)/)0 + (1 + 6)tB1 C ((1 + c~)u + (1 + 6)s)/)0 + (1 + 6)tB1. 

According to (2.5), this means that 

(I + a )  oCr-i (1 + 6 ) o B  y~ O, 

where C = u/)o + C ~. 
It remains to note that for 6 = min(1,E2/9A) the inequalities c~ 

6 < min(1,c) hold. So, both in the case (a) 

3.1 holds and the lemma follows. I 

and in the case (b), Property 

4. P r o o f  o f  T h e o r e m  1.3 and  T h e o r e m  1.5 

Proof of Theorem 1.3: If condition (i) of the theorem holds, then the desired 

conclusion follows immediately from Proposition 2.1. So we turn to proving the 

theorem in the cases where condition (ii) or (iii) holds. 

If the set 7-(B') (see (1.5)) has no limit points lying on the coordinate axes, 

then we can again use Proposition 2.1 to complete the proof in these two cases. 

So we can suppose that T(B ~) possesses such limit points lying, for example, on 

the s-axis. We let s(B') = (u, 0) denote the limit point which has the minimal 
first coordinate among these points. Then for given ~ > 0 by Lemma 3.3 (in case 

condition (ii) of Theorem 1.3 holds) and Lemmas 3.5 and 3.7 (in case condition 

(iii) holds), there exists a point ~ �9 X0 + X1 such that 

( I + e )  o C N ( I + r  ~ 0  for all B �9 B'. 

Here C = u/)0 + a. 

Thus every two sets of the family 

B " =  {(1 + e ) o B :  B �9 B'} U {(1 + e ) o C }  

have a non-empty intersection. Moreover 

s(•")  = (1 + �9 

The same argument which we just gave for the family B ~ and the s-axis can 

now be applied to the family B" and the t-axis to show that the family 

(1 + e ) o B " =  {(1 + e ) o B :  B �9 B"} 
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can be extended to a family B m C B(J() ,  satisfying the condit ion of Proposi t ion  

2.1. By this proposi t ion,  

~,oBr 
BE/~'" 

where "7 = 7 + 4x/2 + e. Since B' C (1 + e) o/3" C (1 + e) 2 o/Y",  we get 

A ~(1+c)2~162  
BE/3' 

which completes  the proof. | 

P r o o f  of  Theorem 1.5, pa r t  (i): We will need the following 

LEMMA 4.1: Let a = (u,0) ,  u > 0 be a limit point of T(B') .  I f  the space 

E = Xo + X1 is strongly complete with respect to Xo then for any  c > 0 there 

exists an element ~ E Xo + Xa such that 

(4.1) 

Here 

(4.2) 

Proof 

( l + e )  o C A ( l + e ) o B r  fora11BEB' .  

c = (2~(x0) + 1)u& + e. 

Recall t ha t  ,~x (Y) denotes the constant  introduced in Definition 1.4. In 

case u = 0 the  point  a = 0 will be a limit point  of T(B') and, by L e m m a  3.4, the 

p roper ty  (4.1) holds for some d C X0 + X1. Thus  for the remainder  of this proof  

we may  assume tha t  u > 0. 

Since (u, 0) is a limit point  of T(t3 ' ) ,  there exists a family 

{B (i) = SiBo + ti[~l + ci,i = 1 ,2 . . . }  C B' 

satisfying the condit ion (3.1). Wi thou t  loss of generali ty we can assume tha t  

s~ <_ (1 + 5)u 

1 ra in( l ,  c). Then,  according to (3.2), where 5 = g 

ci - cj E (si + sj)Bo + (ti + tj)B1 C 2(1 + 5)U[~o + (ti + t j )Bz .  

Consequently,  

dist~(ci  - cj, 2(1 + 5)uBo) -- 2(1 + 5)u. distr.(ci - cj, Bo) <_ ti + tj. 
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Since ti --+ 0 as i --+ cr (see (3.1)), we have 

distr.(~i - dj, Bo) -+ 0, i, j --+ cr 

where we pu t  di = ci/(2(1 + 5)u). By the assumption,  the space Xo + X1 is 

s trongly complete with respect to Xo and therefore (see Definition 1.4) there  

exists an element ~ E Xo + X1 such that  

(4.3) dist~(~i - 5, AoBo) -~ 0, i --+ c~. 

Here, for the sake of brevity, we set Ao = A~(Xo) + 5. Finally, let us set 

e = 2(1 + 5)u5. 

Then  by (4.3), 

(4.4) di ~ dist~(ci - ~, 2Ao(1 + 5)uBo) --+ 0, i --+ cr 

Let  us show now tha t  the set C, defined by (4.2), satisfies (4.1). Indeed, by 

(4.4) and (2.2), 

(4.5) ci - ~ C 2Ao(1 + 5)uBo + (1 + 5)diB~ 

C 2Ao(1 + 5)uBo + 2(1 + 5)2di(Bo ~- Bi)-  

Let  now B = s/3o + t/~l + c be an arbi t rary  set of 13'. Since B A B(0 ~ 0 and 

s i < ( l + 5 ) u  for a l l i ,  

c - ci E (s + si)[~o + (t + ti)B1 C (s + (1 + 5)u)Bo + (t + t i )B l .  

Together  with (4.5) this gives 

(4.6) c - e e {(2Ao + 1)(1 + 5)u + s + 2(1 + 5)2di}/~o + (t + ti + 2(1 + 5)2di)/31 

C (1 + 5){(2Ao + 1)u + s}/}o + t/~l + rSiBg, 

where 5i = 4(1 + a)=d~ + ti. Since ti and di --+ 0 as i --+ oo, the sequence 5i --+ 0 

as well. Sett ing now 

/~ = ((1 + a)(2Ao + 1)u + s)/~o + tB1, 
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by (4.6), (2.3) and (2.4), we get 

c - e + = c (1 + 6) o B .  

i 

From this and the inequality 6 < min(1,e/8) we have 

c - e e {(1 + 5)2(2~0 + 1)u + (1 + 5)s}/3o + (1 + 5)t[~, 

C {(1 + e)(2)~0 + 1)u + (1 + e)s}/30 + (1 + E)t/}l, 

which together with (2.5) gives the desired property (4.1). | 

We are now in a position to complete the proof of part (i) of Theorem 1.5. So, 

suppose that X0 + X1 is strongly complete both with respect X0 and with respect 

to X1 and that the family of sets B ~ satisfies the conditions of the theorem. Note 

at once that if 7-(B') has no limit points lying on the coordinate axes, then the 

statement of the theorem follows from Proposition 2.1. 

Assume now that T(B') possesses such limit points. Applying Lemma 4.1, first 

to X0 (and the s-axis) and then a second time to X1 (and the t-axis), we can 

extend the family 13' to a family ~ C/3()() such that: 

(i) every two sets of the family 

where 

# = (1 + e)2(2 max(~(Xo) ,  ,~E(Xl)) -~- 1) 

have a common point; 

(ii) the points s(# o/3) and t(~t o t}) belong to 7-(# o/3). 

It remains to apply to the family # o/~ the result of Proposition 2.1 and the 

proof is complete. | 

Proof of Theorem 1.5, part (ii): Show that under the conditions of the theorem 

the space Xo + X1 is strongly complete with respect to Xo (the same proof is 

valid for X1). Let {xi}i~x be a sequence in X0 + Xx such that 

(4.7) dij = dist~(xi - x j ,Bo)  -+ 0, i , j  -+ cx~. 

According to Definition 1.4, we have to establish the existence of an element 

C X0 + X1 such that 

distE(xi -- ~, AB0) --~ O, i -4 oo. 
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To this end we set 

d i = s u p  d j .  
j > i  

Then by (4.7) and (2.2), for every i , j ,  i < j ,  

xi -- xj C Bo + 2dijB~ C [~o + 4dij(Bo + B1) 

C (1 + 4(di + dj))13o 4- 4(di 4- dj)[~l. 

From this and (2.5) it follows that B (i) N B (j) ~ 0 where 

B (i) = (�89 + 4di)/)o + 4diBl + xi. 

Thus every two sets of the family /~r = {B(i) : i = 1,2, . . .} have a common 

point. Therefore, by the assumption of the theorem, there exists an element 

2 C Xo 4- X1 such that 

Consequently, 

2 c ~ o B (i), i = 1 , 2 , . . . .  

1 - -  z~ - 2 E y(~ + 4di)/)o + 47di/)o C gTBo + 8ffdiB~. 

By(4.7),  d i ~ O a s i - ~ o o .  Thus 

dist~(xi - 2, �89 _< 87d, ~ 0, i ~ c~ 

and part (ii) of Theorem 1.5 follows. I 

5. E x a m p l e  5.1 and  p r o o f  of  T h e o r e m  1.2 

Given a positive integer N define sequences {sin}, {tin}, {rm} by the formulas 

m s S - 2  s m = N  , t , ~ = s ~  1, r m =  m ,  m = 0 , 1 , . . . , N  

and set 

a k = s k - - l r k + t k - 1 ,  k = l , 2 , . . . , N .  

Let X0 and X1 denote the space R N equipped with the norms IIx][0 = 

maxi=l . . . . .  N Ixit and Ilxltl = max/=, ..... N IXil/'Ci, respectively. We shall choose 

X2 to be the linear subspace of R N, 

N 
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with the norm Ilxl12 = maxi=l ..... N Ixil/a~. Finally, define the family B' = 

{B(m): m = 0, 1 , . . . ,  N} C B()(), where )( = (X0, X1, X2), setting 

B (~ = B2 + ale'1 
N 

: {  x E R N :  /~1~ .  : 1 ,  x~111-1 <_l, l x i l < _ a i , i : 2 , . . . , N  } 

and 

B (m) = 8mBO +tmB1 = {X E R N :lxil _~ Smri + t m , i  = 1, . . .  ,N}. 

Here Bi is the unit ball of Xi and ek denotes the k-th vector of the standard 

basis of R N. It is not difficult to check that for every k = 0 , . . . ,  N 

N B(m) r O, 
mr 

but, nevertheless, 

N 7 o B = ~ for all 3' E (0, N/4).  
BEB' 

In particular, this shows that the number m = m(3) introduced in Remark 1.7 

satisfies 

m(3) > N/4 ~ oo as N ~ o~. | 

Proof of Theorem 1.2: Let K~( t ;  x : X )  denote the K~-functional of an element 

x E Xo + X1 with respect to the couple 2( = (Xo, X1), i.e., 

(5.1) K (t;x : • )  = 

Recall (see, e.g., [BL]) that 

(5.2) 

and 

(5.3) 

inf {max(Uxo]lo,tUml][1 }. 
X=XO-~-X 1 

t 
K ~ ( t ; x  : 2 )  -- sup K ~ ( s ; x "  X) 

s>0 
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Thus by the assumption (1.3) and (5.2), 

Koo(t;x~ -x~: X) <_ ~p~(t) + ~p~(t), (5.4) 

where 

t > 0  

Isr. J. Math. 

t 
(5.5) ~a ---- sup ---7-9~(s).  

s>O ~ 6 - 8  

Next, for any E > 0, by (5.1) and (5.4), we have 

( 1 )  
(5.6) x a - - x ~  e ( l + ~ ) ( r 1 6 2  B 0 + ~ B 1  , t > 0. 

Let us show that (5.6) implies 

(5.7) x~-x~E2(l+c)(r + r 

for all s, t > 0. Indeed, suppose that 0 < s < t and set 

u= (r + r (r + ~(t))  

Obviously, 0 < s < u < t. Moreover, by (5.5), the functions r and t/r 
are both non-decreasing. Therefore 

r + r  ___ r  + 2r 

r + r  < 2r A) + r 
u u - s t 

It remains to set t = u in (5.6) and the desired relation (5.7) follows. 

Set now 

{ 1} B(")(t) = 2(1 + ~)r Bo + -/B1 + x~, t > 0, ~ �9 .4. 

Then by (5.7) and (2.5), every two sets of the family 

u' = {B  (~)(t) : t > 0, ~ �9 A}  

have a common point. Moreover, by the assumptions (ii) and (iii) of the theorem, 

the family B' satisfies the conditions (ii) and (iii) of Theorem 1.3. According to 
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this theorem, there exists an element 2 E X0 + X1 such that for all a E .A and 

t > 0 ,  

2 r ~ o B (~)(t). 

Here ~ is the constant defined in (1.2). Thus 

{ { 1} 
x~ - :~ e 2(1 + ~)~r  ~)o + ~BI  c 2(1 + e ) ~ r  Bo + ~B1 . 

Prom this and definition (5.1) we get 

Ko~(t;x~ - 2 :  i~) <_ 2(1 + E)27r 

for all t > 0 and a E A. Now by (5.3), 

K(t ;xa  - 2: )() < 2(1 + ~)23~ inf(1 +t/s)C~(s) .  
s>0 

Since ~ is a concave and non-decreasing function on R+,  the latter infimum is 

equal to ~ ( t ) .  This completes the proof of Theorem 1.2. II 
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